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Contact harmonic map
We study contact harmonic maps, i.e. smooth maps φ : M → N from a strictly pseudocon-
vex CR manifold M into a contact Riemannian manifold N which are critical points of the
functional E(φ) = 12
∫
M ‖(dφ)H,H ′ ‖2θ ∧ (dθ)n and their generalizations. We derive the ﬁrst
and second variation formulae for E and study stability of contact harmonic maps. Contact
harmonic maps are shown to arise as boundary values of critical points φ ∈ C∞(Ω,N) of
the functional
∫
Ω
‖ΠφH ′ ◦ φ∗‖2 d vol(gB) where Ω ⊂ Cn+1 is a smoothly bounded strictly
pseudoconvex domain endowed with the Bergman metric gB .
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Motivated by the search for Mok–Siu–Yeung type formulae (cf. N. Mok et al. [20]) within contact Riemannian geometry
R. Petit has introduced (cf. [22]) the energy functional
E(φ)= 1
2
∫
M
Q (φ)dv, φ ∈ C∞(M,N). (1)
The present paper aims to study further the critical points of (1). Here M is a compact strictly pseudoconvex CR manifold
of CR dimension n,
Q (φ)= ∥∥(dφ)H,H ′∥∥2, dv = θ ∧ (dθ)n,
and θ is a contact form on M . Also N is a contact Riemannian manifold. If H and H ′ are the maximally complex distributions
of M and N then (dφ)H,H ′ ∈ Γ ∞(H∗ ⊗ φ−1H ′) is given by
(dφ)H,H ′ =ΠφH ′ ◦ φ∗
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66 S. Dragomir, R. Petit / Differential Geometry and its Applications 30 (2012) 65–84where ΠH ′ : T (N) → H ′ is the natural projection. If ξ ∈ X(N) is the Reeb vector ﬁeld on N then Q (φ)(x) = 0 at a point
x ∈ M if and only if (dxφ)Hx ⊆ Rξφ(x) hence smooth maps φ : M → N such that φ∗H ⊆ Rξφ are absolute minima for (1).
Closely related to (1) E. Barletta et al. [4], had already considered the energy functional
Eb(φ)= 12
∫
M
traceGθ
{
ΠH
(
φ∗g
)}
dv (2)
got by integrating along the ﬁber in the ordinary Dirichlet energy (relative to the Fefferman metric) on the total space of
the canonical circle bundle over M (cf. [4, p. 731]). Cf. also [21]. Here g is the metric underlying the contact Riemannian
structure of N , ΠH (φ∗g) is the restriction of the bilinear form φ∗g to H ⊗ H , and the trace is taken with respect to
the Levi form Gθ . Critical points of Eb : C∞(M,N) → R are referred to as pseudoharmonic maps (cf. [4]). A detailed study
of pseudoharmonic maps was performed in [1,2,4] (as a global counterpart of [18]) and Theorem 3 below is a contact
Riemannian analog to Theorem 3.3 in [4, p. 736]. As
Q (φ)= traceGθ
{
ΠH
(
φ∗g
)}− ∥∥ΠHφ∗η∥∥2 (3)
the precise relationship among the energy functionals (1) and (2) is E(φ)= Eb(φ)− Ec(φ) where
Ec(φ)= 1
2
∫
M
∥∥ΠHφ∗η∥∥2 dv. (4)
It should be observed that horizontal maps (i.e. smooth maps φ : M → N such that φ∗H ⊆ φ−1H ′) are absolute minima
of (4). In other words (4) measures the failure of a smooth map φ : M → N to be a horizontal map so that, intuitively
speaking, the functionals (1) and (4) appear to cover complementary occurrences. The study of the critical points of (4) is
relegated to further work.
The paper is organized as follows. In Section 2 we recall the notions of CR and pseudohermitian geometry needed
through the paper (cf. e.g. [13]). In Section 3 we obtain the ﬁrst variation formula for the variational principle
δ
∫
M
Q (φ)p/2 dv = 0, p > 0, (5)
and introduce the notion of a contact p-harmonic map (contact harmonic map if p = 2). Also we derive the second variation
formula for the functional (1) in the neighborhood of a contact harmonic map with values in a Sasakian manifold and show
that any contact harmonic map φ : M → S2m−1 is unstable provided that E(φ) > Ec(φ). In Section 4 we consider a smoothly
bounded strictly pseudoconvex domain Ω ⊂ Cn+1 and study the C∞ regularity up to the boundary of a solution φ :Ω → N
to
Π
φ
H ′ΓB(φ)+ tracegB
{(
φ∗η
)⊗ τN}= 0, tracegB (φ∗AN)= 0 (6)
(i.e. the Euler–Lagrange equations to δ
∫
Ω
‖ΠφH ′ ◦ φ∗‖2 d vol(gB) = 0) and compute the normal derivatives of the boundary
values f = φ|∂Ω in terms of tangential quantities. At least when the normal derivatives vanish f : ∂Ω → N is a contact
harmonic map. Therefore, in order that the Dirichlet problem for Eqs. (6) admits a solution which is smooth up to the
boundary, the boundary data should satisfy additional compatibility relations along the boundary (the contact harmonic
map system (31)–(32), in the context of Theorem 4). Whether this suﬃces for the existence of the solution to (6) is an open
problem.
Contact harmonic maps are also seen to arise (cf. Section 5) as (base maps associated to) S1-invariant smooth critical
points of
E(φ)= 1
2
∫
C(M)
traceFθ g
φ
(
Π
φ
H ′φ∗·,ΠφH ′φ∗·
)
d vol(Fθ ), φ ∈ C∞
(
C(M),N
)
,
where C(M) is the total space of the canonical circle bundle (over the given strictly pseudoconvex CR manifold) endowed
with the Fefferman metric Fθ . The authors devoted further work (cf. [12]) to the study of partial regularity of weak solutions
to the Euler–Lagrange equations associated to the variation principle (5).
2. Review of contact Riemannian and CR geometry
2.1. Contact Riemannian structures
Let N be a real (2m − 1)-dimensional C∞ manifold, m  2. A contact form on N is a real differential 1-form η ∈ Ω1(N)
such that η∧ (dη)m−1 is a volume form on N . A Riemannian metric g on N is associated to η if there is a (1,1)-tensor ﬁeld
ϕ on N such that
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g(ϕX,ϕY )= g(X, Y )− η(X)η(Y ), (8)
for any X, Y ∈ X(N), where ξ ∈ X(N) and ω ∈Ω2(N) are given by
g(X, ξ)= η(X), ω(X, Y ) = g(X,ϕY ), (9)
for any X, Y ∈ X(N). Given a contact form η associated metrics always exist, cf. e.g. D.E. Blair [8]. A pair (η, g) consisting
of a contact form and an associated Riemannian metric g is a contact Riemannian structure on N . Let H(N) = Ker(η) ⊂
T (N). Clearly ϕ restricts to an endomorphism J : H(N) → H(N) such that J2 = −I . Let us extend J to a complex linear
endomorphism JC of H(N)⊗C so that Spec( JC)= {±i} (with i = √−1 ). Let T1,0(N)⊂ T (N)⊗C be the eigenbundle of JC
corresponding to the eigenvalue i. Then T1,0(N) is an almost CR structure on N i.e. T1,0(N) has complex rank m − 1 (the CR
dimension of T1,0(N)) and
T1,0(N)∩ T0,1(N)= (0), (10)
where T0,1(N)= T1,0(N) (overbars denote complex conjugation). The almost CR structure T1,0(N) is integrable when
Z ,W ∈ T1,0(N) ⇒ [Z ,W ] ∈ T1,0(N) (11)
and then T1,0(N) is referred to as a CR structure. By a result of S. Ianus¸ [17], if the contact Riemannian structure (η, g)
is normal i.e. Nϕ + 2(dη) ⊗ ξ = 0 then the almost CR structure T1,0(N) of (N, η, g) is integrable. Here Nϕ = [ϕ,ϕ] is the
Nijenhuis torsion of ϕ .
Let ∇ be the Levi-Civita connection of (N, g). The Tanno connection, or generalized Tanaka–Webster connection ∇′ of a
contact Riemannian manifold (N, (ϕ, ξ,η, g)) is given by (cf. S. Tanno [23] or [6, p. 74])
∇′X Y = ∇X Y + η(X)ϕY − η(Y )∇Xξ +
[
(∇Xη)Y
]
ξ
for any X, Y ∈ X(N). It is the unique linear connection on N satisfying (i) ∇′η = 0, ∇′ξ = 0, ∇′g = 0, (ii) T∇′ (X, Y ) =
ω(X, Y )ξ for any X, Y ∈ H ′ and T∇′ (ξ,ϕ Z) = −ϕT∇′ (ξ, Z) for any Z ∈ T (N), (iii) (∇′Xϕ)Y = Q (Y , X) for any X, Y ∈ T (N).
Here T∇′ is the torsion tensor ﬁeld of ∇′ and Q is the Tanno tensor i.e.
Q (X, Y ) = (∇Yϕ)X +
[
(∇Yη)ϕX
]
ξ + η(X)ϕ(∇Y ξ).
By a result in [23] Q = 0 if and only if the natural almost CR structure of the given contact Riemannian manifold is
integrable.
2.2. CR and pseudohermitian structures
The standpoint of CR and pseudohermitian geometry is slightly different (cf. e.g. [13]) with respect to that of contact
Riemannian geometry (cf. e.g. [8]). To emphasize on the relationship among the two let (M, T1,0(M)) be an orientable real
(2n+ 1)-dimensional CR manifold, of CR dimension n. Let
H(M)= Re{T1,0(M)⊕ T0,1(M)}
be the maximally complex, or Levi, distribution on M . Let H(M)⊥ ⊂ T ∗(M) be the conormal bundle associated to H(M).
Then H(M)⊥ → M is a trivial real line bundle. Any globally deﬁned nowhere vanishing section θ ∈ Γ ∞(H(M)⊥) is a pseu-
dohermitian structure on M . A CR manifold is nondegenerate if the Levi form
Lθ (Z ,W )= −i(dθ)(Z ,W ), Z ,W ∈ T1,0(M),
is nondegenerate for some θ (and thus for all). If (M, T1,0(M)) is nondegenerate then any pseudohermitian structure θ ∈
Γ ∞(H(M)⊥) is a contact form on M . A CR manifold (M, T1,0(M)) is strictly pseudoconvex if Lθ is positive deﬁnite for
some θ . The Levi distribution carries the complex structure J : H(M) → H(M) given by J (Z + Z) = i(Z − Z) for any Z ∈
T1,0(M). For further use we also consider
Gθ (X, Y ) = (dθ)(X, J Y ), X, Y ∈ H(M).
Clearly Lθ and the (C-linear) extension of Gθ to H(M) ⊗ C coincide on T1,0(M) ⊗ T0,1(M). Given a contact form θ on M
there is (as a consequence of the nondegeneracy and orientability of M) a unique globally deﬁned, nowhere zero, tangent
vector ﬁeld T ∈ X(M), transverse to the Levi distribution, determined by θ(T ) = 1 and T dθ = 0. Let us consider gθ given
by
gθ (X, Y ) = Gθ (X, Y ), gθ (X, T ) = 0, gθ (T , T )= 1,
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Riemannian metric on M (the Webster metric according to the terminology in [13]). Let us extend J to an endomorphism ϕ
of T (M) by requiring that ϕ = J on H(M) and ϕT = 0. Then (ϕ,−T ,−θ, gθ ) is a contact Riemannian structure.
Let ∇ be the unique linear connection (the Tanaka–Webster connection) associated to a choice of contact form θ on
a nondegenerate CR manifold such that (i) H(M) is ∇-parallel, (ii) ∇gθ = 0, ∇ J = 0, (iii) T∇ (Z ,W ) = 0, T∇(Z ,W ) =
2Lθ (Z ,W )T , for any Z ,W ∈ T1,0(M), and τ ◦ J + J ◦ τ = 0, where τ ∈ Γ ∞(T ∗(M) ⊗ H(M)) (the pseudohermitian torsion
of ∇) is given by τ (X) = T∇(T , X) for any X ∈ T (M). Here T∇ is the torsion tensor ﬁeld of ∇ . The contact Riemannian
structure (ϕ,−T ,−θ, gθ ) is normal (and then gθ is a Sasakian metric on M) if and only if τ = 0.
Any strictly pseudoconvex CR manifold endowed with a contact form θ such that Lθ is positive deﬁnite comes equipped
with a natural formally self-adjoint second order differential operator b , similar to the Laplace–Beltrami operator in Rie-
mannian geometry, given by
bu = −div
(∇Hu), u ∈ C2(M).
Here div : X(M)→ C∞(M) is the divergence operator with respect to the volume form dv = θ ∧ (dθ)n i.e.
LX dv = div(X)dv, X ∈ X(M),
where LX denotes the Lie derivative. Moreover ∇Hu = ΠH∇u is the horizontal gradient. Also ∇u is the ordinary gradient
of u with respect to the Webster metric (i.e. gθ (∇u, X) = X(u) for any X ∈ X(M)) and ΠH : T (M) → H(M) is the natural
projection with respect to the direct sum decomposition T (M)= H(M)⊕RT . Unlike the ordinary Laplacian on a Riemannian
manifold b is not elliptic. In fact b is a degenerate elliptic operator in the sense of J.M. Bony [9], and subelliptic of order
1/2 (cf. e.g. [13, pp. 111–119]).
A complex valued differential p-form α on a CR manifold is a (p,0)-form if T1,0(M)α = 0. Top degree (p,0)-forms are
of course (n+1,0)-forms (rather than (n,0)-forms as in the case of forms on complex manifolds) due to the presence of the
additional “bad” real direction θ . Let K (M)= Λn+1,0(M) → M be the complex line bundle of all (n + 1,0)-forms on M and
let us set C(M)= [K (M) \ {zero section}]/R+ where R+ = (0,+∞) are the multiplicative positive reals. Then C(M)→ M is
a principal S1-bundle (the canonical circle bundle over M). Let θ be a contact form and T the characteristic direction of dθ .
For further use we consider the (degenerate) (0,2)-tensor ﬁeld G˜θ on M given by
G˜θ (X, Y ) = Gθ (X, Y ), X, Y ∈ H(M),
G˜θ (V , T )= 0, V ∈ T (M).
The total space of the canonical circle bundle over a strictly pseudoconvex CR manifold is known (cf. e.g. [13, p. 128]) to
carry a natural Lorentzian metric Fθ associated to a choice of contact form θ on M such that Lθ is positive deﬁnite (the
Fefferman metric of (M, θ))
Fθ = π∗G˜θ + 2
(
π∗θ
) σ ,
σ = 1
n+ 2
{
dγ +π∗
(
iωαα −
i
2
gαβ dgαβ −
ρ
4(n+ 1) θ
)}
.
Here π : C(M)→ M is the projection, γ : π−1(U )→ R is a local ﬁber coordinate, and ωαβ are the connection 1-forms of the
Tanaka–Webster connection ∇ with respect to a given local frame {Tα: 1 α  n} of T1,0(M) on U ⊆ M i.e. ∇Tα =ωβα ⊗ Tβ .
Moreover gαβ = Lθ (Tα, Tβ) are the local components of the Levi form (Tα = T α ) and ρ = gαβ Rαβ is the pseudohermitian
scalar curvature. Finally Rαβ = trace{Z → R∇(Z , Tα)Tβ } is the pseudohermitian Ricci curvature while R∇ is the curvature
tensor ﬁeld of ∇ . By a result of C.R. Graham [15], σ ∈ Ω1(C(M)) is a connection 1-form in the canonical circle bundle
S1 → C(M)→ M .
3. Variation formulae
3.1. Contact p-harmonic maps
Let φ : M → N be a C∞ map from a strictly pseudoconvex CR manifold M of CR dimension n into a contact Riemannian
manifold (N, η, g). Let θ be a contact form on M such that the Levi form Lθ is positive deﬁnite. We set H = H(M) and
H ′ = H(N) for simplicity. Let us consider the vector bundle valued form (dφ)H,H ′ ∈ Γ ∞(H∗ ⊗ φ−1H ′) given by(
(dφ)H,H ′
)
x =ΠH ′,φ(x) ◦ (dxφ) : Hx → H ′φ(x), x ∈ M. (12)
Here ΠH ′ : T (N) → H ′ is the projection associated to the direct sum decomposition T (N) = H ′ ⊕ Rξ . A norm ‖(dφ)H,H ′ ‖ :
M → [0,+∞) of (dφ)H,H ′ (similar to the Hilbert–Schmidt norm of dφ) may be built as follows. Let x ∈ M and {Xa: 1 a
2n} a local orthonormal (i.e. Gθ (Xa, Xb)= δab) frame of H deﬁned on an open set U ⊆ M such that x ∈ U . Then
S. Dragomir, R. Petit / Differential Geometry and its Applications 30 (2012) 65–84 69∥∥(dφ)H,H ′∥∥2x =
2n∑
a=1
gφ(x)
((
(dφ)H,H ′
)
x Xa,x,
(
(dφ)H,H ′
)
x Xa,x
)
. (13)
The deﬁnition does not depend upon the choice of local orthonormal frame at x. Let p ∈ (0,+∞). A smooth map φ : M → N
is said to be contact p-harmonic (with respect to the data (θ,η, g)) if φ is a critical point of the energy functional
EΩ,p(φ)=
∫
Ω
∥∥(dφ)H,H ′∥∥pθ ∧ (dθ)n (14)
for any relatively compact domain Ω ⊆ M . Precisely, for any smooth 1-parameter variation {φt}|t|< of φ (i.e. φ0 = φ) by
smooth maps φt : M → N one has
d
dt
{
EΩ,p(φt)
}
t=0 = 0 (15)
provided that {φt}|t|< is supported in Ω i.e. V ∈ Γ ∞0 (Ω,φ−1T N). Here V is the inﬁnitesimal variation induced by {φt}|t|<
i.e.
Vx = (d(x,0)Φ) ∂
∂t
∣∣∣∣
(x,0)
, x ∈ M,
and Φ : M˜ = M × (−, )→ N is given by Φ(x, t)= φt(x). Contact 2-harmonic maps are referred simply as contact harmonic
maps.
Let us set Q (φ)= ‖(dφ)H,H ′ ‖2 for simplicity. An elementary calculation shows that
EΩ,2(n+1) =
∫
Ω
Q (φ)n+1θ ∧ (dθ)n
is a CR invariant and actually
Proposition 1. For each φ ∈ C∞(M,N) the number EΩ,p(φ) is a CR invariant if and only p = 2(n + 1).
Indeed if θˆ = e2uθ , u ∈ C∞(M), is another choice of contact form on M then Proposition 1 follows from
Qˆ (φ)p/2θˆ ∧ (dθˆ )n = e(2n+2−p)u Q (φ)p/2θ ∧ (dθ)n.
The reason we choose an arbitrary contact Riemannian manifold as a target space (rather than staying within the class of
strictly pseudoconvex CR manifolds) is to allow for a contact analog to the notion of a harmonic vector ﬁeld (in the spirit
of [11], as the total space of the tangent sphere bundle over a Riemannian manifold is known to possess a natural contact
Riemannian structure whose underlying almost CR structure is not integrable in general, cf. [8, pp. 132–137]). The study of
contact harmonic vector ﬁelds (on a contact Riemannian manifold) is left as an open problem. Let ∇′ be the generalized
Tanaka–Webster connection of (N, η, g). Let Γ ′ ijk be the local coeﬃcients of ∇′ with respect to a local coordinate system
(U ′, x′ i) on N . Given X ∈ X(M) we deﬁne a section φ∗X ∈ Γ ∞(φ−1T N) by setting
(φ∗X)(x)= (dxφ)Xx ∈ Tφ(x)(N)=
(
φ−1T N
)
x, x ∈ M.
Let ∇ be the Tanaka–Webster connection of (M, θ). Let ∇φ = φ−1∇′ be the connection induced by ∇′ in the pullback bundle
φ−1T N → M . We set
βφ(X, Y ) = ∇φXφ∗Y − φ∗∇X Y , X, Y ∈ X(M).
It should be observed that βφ is distinct from the second fundamental form of φ considered in [21] (as there ∇′ is replaced
by the Levi-Civita connection of (N, g)). The precise quantitative relation among the two follows from (24) in [6, p. 74]
(relating the Levi-Civita and generalized Tanaka–Webster connections of (N, η, g)).
Let x ∈ M and let {Xa: 1  a  2n} be a local Gθ -orthonormal frame of H = H(M), deﬁned on an open neighborhood
U ⊆ M of x. Let Γ (φ)= Γ (φ; θ,η, g) ∈ Γ ∞(φ−1T N) be given by
Γ (φ)x = traceGθ {ΠHβφ}x =
2n∑
a=1
βφ(Xa, Xa)x
where ΠH (βφ) is the restriction of the bilinear form βφ to H ⊗ H . The Euler–Lagrange equations corresponding to the
variational principle δEΩ,p(φ)= 0 are given by
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Then
d
dt
{
EΩ,p(φt)
}
t=0 = −p
∫
Ω
gφ
(
V ,ΠφH ′
{
Q (p−2)/2Γ (φ)+ φ∗∇H Q (p−2)/2
}
+ Q (p−2)/2{traceGθ {ΠHφ∗(η⊗ τN)}− traceGθ {ΠHφ∗AN}ξφ})dv (16)
for anyΩ  M and for any smooth 1-parameter variation {φt}|t|< of φ supported inΩ . Consequently any smooth contact p-harmonic
map is a solution to
Q −(p−2)/2
[(
ϕ2
)i
j ◦ φ
]
div
(
Q (p−2)/2∇Hφ j)
= traceGθ
{
ΠHφ
∗(η⊗ τN)
}− 2n∑
a=1
[(
ϕ2
)i
j ◦ φ
](
Γ ′ jk ◦ φ
)
Xa
(
φk
)
Xa
(
φ
)
, (17)
traceGθ
{
ΠHφ
∗AN
}= 0, (18)
for any local orthonormal frame {Xa: 1  a  2n} of H. Here Q = Q (φ), τN is the pseudohermitian torsion of (N, η, g), and
AN(X, Y )= g(τN X, Y ) for any X, Y ∈ X(N).
In particular
Corollary 1. If g is a Sasakian metric then (i) φ : M → N is contact p-harmonic if and only if
[(
ϕ2
)i
j ◦ φ
]{
div
(
Q (p−2)/2∇Hφ j)+ Q (p−2)/2 2n∑
a=1
(
Γ ′ jk ◦ φ
)
Xa
(
φk
)
Xa
(
φ
)}= 0, (19)
for any 1  i  2m − 1. Consequently (ii) φ is contact p-harmonic if and only if φ is contact harmonic with respect to the data
(Q (p−2)/(2n)θ, η, g). (iii) Each pseudoharmonic map φ : M → N is contact harmonic.
To prove Theorem 1 let Φ : M˜ = M × (−, )→ N be a smooth 1-parameter variation of φ. For each |t|<  we set
αt : M → M˜, αt(x)= (x, t), x ∈ M,
X˜(x,t) = (dxαt)Xx, x ∈ M, X ∈ X(M),
so that X˜ ∈ X(M˜). Let Φ−1T N → M˜ and Φ−1H ′ → M˜ be pullback bundles and let ΠΦH ′ : Φ−1T N → Φ−1H ′ be the bundle
map naturally induced by ΠH ′ . Moreover we consider V ∈ Γ ∞(Φ−1T N) given by
V(x, t)= (d(x,t)Φ) ∂
∂t
∣∣∣∣
(x,t)
∈ Tφt (x)(N), (x, t) ∈ M˜.
A useful concept in the following calculations is that of natural lift YΦ = Y ◦ Φ of a vector ﬁeld Y ∈ X(N). In general a
section s in Φ−1T N → M˜ may fail to be the natural lift of a tangent vector ﬁeld on N . However Φ−1T N → M˜ admits local
frames consisting of natural lifts e.g. {σi = (∂/∂x′ i) ◦ Φ: 1  i  2m − 1} is a local frame in Φ−1T N → M˜ for any local
coordinate system (U ′, x′ i) on N . We shall need the following
Lemma 1. Let ∇Φ = Φ−1∇′ and gΦ = Φ−1g be the connection and bundle metric induced by ∇′ and g in Φ−1T N → M˜. Then
∇Φ gΦ = 0, ∇ΦξΦ = 0 and
∇Φ∂/∂tΠΦH ′Φ∗ X˜ =ΠΦH ′
{∇Φ
X˜
V − TΦ∇′(Φ∗ X˜,V)
}
, X ∈ X(M), (20)
where V =Φ∗(∂/∂t) and T∇′ is the torsion tensor ﬁeld of ∇′ .
Proof. ∇Φ gΦ = 0 and ∇ΦξΦ = 0 follow easily from ∇′g = 0 and ∇′ξ = 0. For any σ ∈ Γ ∞(Φ−1T N) one has the decompo-
sition
ΠΦH ′σ = σ − ηΦ(σ )ξΦ (21)
where ηΦ =Φ−1η is induced by η and ξΦ is the natural lift of ξ . Then (by (21) for σ =Φ∗ X˜ and ∇ΦξΦ = 0)
∇Φ∂/∂tΠΦH ′Φ∗ X˜ = ∇Φ∂/∂tΦ∗ X˜ −
∂
∂t
{
ηΦ(Φ∗ X˜)
}
ξΦ = ∇Φ
X˜
Φ∗
∂
∂t
− TΦ∇′
(
Φ∗ X˜,Φ∗
∂
∂t
)
− ηΦ(∇Φ∂/∂tΦ∗ X˜)ξΦ
due to ηΦ = gΦ(ξΦ, ·). 
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d
dt
{
EΩ,p(φt)
}= d
dt
∫
Ω
∥∥(dφt)H,H ′∥∥p dv = p2
∫
Ω
Q (p−2)/2t
∂
∂t
{Qt}dv
where Qt = ‖(dφt)H,H ′ ‖2 for any |t|<  (so that Q 0 = Q ). Next
1
2
∂
∂t
{Qt} =
2n∑
a=1
gΦ
(∇Φ∂/∂tΠΦH ′Φ∗ X˜a,ΠΦH ′Φ∗ X˜a)
=
∑
a
{
gΦ
(
ΠΦH ′∇ΦX˜aV,Π
Φ
H ′Φ∗ X˜a
)− gΦ(ΠΦH ′ TΦ∇′(Φ∗ X˜a,V),ΠΦH ′Φ∗ X˜a)}. (22)
To compute the sum let us deﬁne Xt ∈ Γ ∞(H) by requiring that
Gθ (Xt , Y )= gΦ
(
V,ΠΦH ′φ∗Y˜
) ◦ αt, Y ∈ Γ ∞(H).
Then (as ∇Φ gΦ = 0 and the decomposition Φ−1T N = (Φ−1H ′)⊕ RξΦ is gΦ -orthogonal)∑
a
gΦ
(
ΠΦH ′∇ΦX˜aV,Π
Φ
H ′Φ∗ X˜a
)=∑
a
{
X˜a
(
gΦ
(
V,ΠΦH ′Φ∗ X˜a
))− gΦ(V,∇Φ
X˜a
ΠΦH ′Φ∗ X˜a
)}
(23)
and (by ∇Gθ = 0)∑
a
X˜a
(
gΦ
(
V,ΠΦH ′Φ∗ X˜a
))=∑
a
Xa
(
Gθ (Xt , Xa)
)=∑
a
{
Gθ (∇Xa Xt, Xa)+ Gθ (Xt,∇Xa Xa)
}
= div(Xt)+
∑
a
gΦ
(
V,ΠΦH ′Φ∗∇˜Xa Xa
)
.
Indeed ∇(dv) = 0 hence the divergence of a vector ﬁeld X ∈ X(M) may be computed as div(X) = trace{Y → ∇Y X}. Then
(23) becomes∑
a
gΦ
(
ΠΦH ′∇ΦX˜aV,Π
Φ
H ′Φ∗ X˜a
)= div(Xt)−∑
a
gφ
(
V,∇Φ
X˜a
ΠΦH ′Φ∗ X˜a −ΠΦH ′Φ∗∇˜Xa Xa
)
. (24)
We recall (cf. e.g. [6, pp. 74–75]) that the torsion of the generalized Tanaka–Webster connection of (M, θ) is given by
T∇′ = 2(η ∧ τN +ω⊗ ξ), τN = T∇′(ξ, ·). (25)
See also S. Tanno [23]. Therefore
ΠΦH ′ T
Φ
∇′(Φ∗ X˜,V)= ηΦ(Φ∗ X˜)τΦN (V)− ηΦ(V)τΦN (Φ∗ X˜),
for any X ∈ X(M), so that
∑
a
gΦ
(
ΠΦH ′ T
Φ
∇′(Φ∗ X˜a,V),Π
Φ
H ′Φ∗ X˜a
)= gΦ(V,∑
a
{
ηΦ(Φ∗ X˜a)τΦN (Φ∗ X˜a)− AΦN (Φ∗ X˜a,Φ∗ X˜a)ξΦ
})
. (26)
At this point we may substitute from (24)–(26) into (22) so that to obtain
1
2
d
dt
{Qt} = div(Xt)− gΦ
(
V,
∑
a
{∇ΦΠΦH ′Φ∗ X˜a −ΠΦH ′Φ∗∇˜Xa Xa + ηΦ(Φ∗ X˜a)τΦN (Φ∗ X˜a)
− AΦN (Φ∗ X˜a,Φ∗ X˜a)ξΦ
})
. (27)
On the other hand (by (21), ∇ΦξΦ = 0, and ∇ΦηΦ = 0)
∇Φ
X˜a
ΠΦH ′Φ∗ X˜a = ∇ΦX˜aΦ∗ X˜a − X˜a
(
ηφ(Φ∗ X˜a)
)
ξΦ = ∇Φ
X˜a
Φ∗ X˜a − ηΦ
(∇Φ
X˜a
Φ∗ X˜a
)
ξΦ
that is
∇Φ
X˜a
ΠΦH ′Φ∗ X˜a =ΠΦH ′∇ΦX˜aΦ∗ X˜a. (28)
Let us substitute from (28) into (27). We obtain
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dt
{
EΩ,p(φt)
}= p ∫
Ω
Q (p−2)/2t
{
div(Xt)− gΦ
(
V,
∑
a
[
ΠΦH ′
(∇Φ
X˜a
Φ∗ X˜a −Φ∗∇˜Xa Xa
)
+ ηΦ(Φ∗ X˜a)τΦN (Φ∗ X˜a)− AΦN (Φ∗ X˜a,Φ∗ X˜a)ξΦ
])}
dv. (29)
As {φt}|t|< is supported in Ω it follows that Xt ∈ X∞0 (Ω). In particular for p = 2 (by Green’s lemma)
Corollary 2. (See R. Petit [22].) Let φ : M → N be a smooth map. Then
d
dt
{
EΩ,p(φt)
}
t=0 = −
∫
Ω
gφ
(
V ,ΠφH ′Γ (φ)+
2n∑
a=1
{
ηφ(φ∗Xa)τ φN (φ∗Xa)− AφN(φ∗Xa, φ∗Xa)ξφ
})
dv (30)
for any Ω  M and any smooth 1-parameter variation of φ supported in Ω . Consequently any smooth contact harmonic map is a
solution to
Π
φ
H ′Γ (φ)+
2n∑
a=1
ηφ(φ∗Xa)τ φN (φ∗Xa)= 0, (31)
2n∑
a=1
AφN(φ∗Xa, φ∗Xa)= 0, (32)
for any local Gθ -orthonormal frame {Xa: 1 a 2n} in H.
Using
Q (p−2)/2t div(Xt)= div
(
Q (p−2)/2t Xt
)− Xt(Q (p−2)/2t )= div(Q (p−2)/2t Xt)− Gθ (Xt,∇H Q (p−2)/2t )
= div(Q (p−2)/2t Xt)− gΦ(V,ΠΦH ′Φ∗ ˜∇H Q (p−2)/2t )
and Green’s lemma (29) becomes
d
dt
{
EΩ,p(φt)
}
t=0 = −p
∫
Ω
gφ
(
V ,ΠφH ′φ∗∇H Q (p−2)/2
+ Q (p−2)/2
{
Π
φ
H ′Γ (φ)+
2n∑
a=1
[
ηφ(φ∗Xa)τ φN (φ∗Xa)− AφN(φ∗Xa, φ∗Xa)ξφ
]})
dv
hence (by interpreting the sums as traces) one derives (16). As a corollary of the ﬁrst variation formula (16) φ is a contact
p-harmonic map if and only if
Π
φ
H ′
{
Q (p−2)/2Γ (φ)+ φ∗∇H Q (p−2)/2
}+ Q (p−2)/2 traceGθ {ΠHφ∗(η⊗ τN)}= 0, (33)
traceGθ
{
ΠHφ
∗AφN
}= 0. (34)
To show that (33) may be written in the form (17) one conducts the following calculation
div
(
Q (p−2)/2∇Hφ j)= trace{Y → ∇Y (Q (p−2)/2∇Hφ j)}=∑
a
Gθ
(∇Xa(Q (p−2)/2∇Hφ j), Xa)
=
∑
a
{
Xa
(
Q (p−2)/2Gθ
(∇Hφ j, Xa))− Q (p−2)/2Gθ (∇Hφ j,∇Xa Xa)}
where φ j = x′ j ◦ φ. Note that
Gθ
(∇Hφ j, X)s j = φ∗X
for any X ∈ Γ ∞(H). Here s j = (∂/∂x′ j) ◦ φ. Therefore
div
(
Q (p−2)/2∇Hφ j)s j =∑
a
{
Xa
(
Q (p−2)/2Xa
(
φ j
))
s j − Q (p−2)/2φ∗∇Xa Xa
}
. (35)
On the other hand (by (35))
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∑
a
{∇φXaφ∗Xa − φ∗∇Xa Xa}
= div(Q (p−2)/2∇Hφ j)s j +∑
a
{
Q (p−2)/2∇φXaφ∗Xa − Xa
(
Q (p−2)/2Xa
(
φ j
))
s j
}
where from
Q (p−2)/2Γ (φ)+ φ∗∇H Q (p−2)/2 = div
(
Q (p−2)/2∇Hφ j)s j + Q (p−2)/2∑
a
{∇φXaφ∗Xa − (X2aφ j)s j}
=
{
div
(
Q (p−2)/2∇Hφi)+ Q (p−2)/2∑
a
(
Γ ′ijk ◦ φ
)
Xa
(
φ j
)
Xa
(
φk
)}
si .
Finally (by (7))
ΠH ′
∂
∂x′ j
= ∂
∂x′ j
− η jξ =
(
δij − η jξ i
) ∂
∂x′ i
= −(ϕ2)ij ∂
∂x′i
and (33) yields (17).
We shall need
Lemma 2. Let φ : M → N be a smooth map of a strictly pseudoconvex CR manifold M of CR dimension n into a contact Riemannian
manifold (N, η, g). Let θ be a contact form on M such that the Levi form Lθ is positive deﬁnite. Then
Γ
(
φ;λ2θ,η, g)= λ−2(n+1){λ2nΓ (φ; θ,η, g)+ φ∗∇H(λ2n)} (36)
for any positive function λ ∈ C∞(M).
The proof of Lemma 2 is straightforward. Sasakian manifolds are characterized among contact Riemannian manifolds by
the vanishing of their pseudohermitian torsion. Statement (ii) in Corollary 1 follows from (33) with τN = 0
Π
φ
H ′
{
Q (p−2)/2Γ (φ)+ φ∗∇H Q (p−2)/2
}= 0 (37)
and (36) with λ = Q (p−2)/(4n) . If p = 0 then (37) is ΠφH ′Γ (φ) = 0 and Γ (φ) = 0 are the Euler–Lagrange equations of the
variational principle δEb(φ)= 0 (thus proving (iii) in Corollary 1). 
3.2. Stability of contact harmonic maps
The purpose of this section is to derive the second variation formula for the energy function EΩ = (1/2)EΩ,2 in the
neighborhood of a contact harmonic map φ : M → N from a strictly pseudoconvex CR manifold M into a Sasakian manifold
(N, η, g). To this end we consider a smooth 2-parameter variation {φs,t}−<s,t< by smooth maps φs,t : M → N such that
φ0,0 = φ and {φs,t}−<s,t< is supported in Ω ⊂ M i.e. V ,W ∈ Γ ∞0 (Ω,φ−1T N). Here
Vx = (d(x,0,0)Ψ ) ∂
∂t
∣∣∣∣
(x,0,0)
, Wx = (d(x,0,0)Ψ ) ∂
∂s
∣∣∣∣
(x,0,0)
, x ∈ M,
and Ψ : M˜ = M × (−, )2 → N is given by Ψ (x, s, t) = φs,t(x). Given a vector ﬁeld X ∈ X(M) we denote by X˜ the tangent
vector ﬁeld on M˜ given by
X˜(x,s,t) = (dxαs,t)Xx, |s|< , |t|< ,
αs,t : M → M˜, αs,t(x)= (x, s, t), x ∈ M.
We obtain
Theorem 2. Let φ : M → N be a contact harmonic map from a strictly pseudoconvex CR manifold M into a Sasakian manifold N. Then
∂2
∂s∂t
{
EΩ(φs,t)
}
s=t=0 =
∫
Ω
{(
gφ
)∗(
ϕφ∇φV ,ϕφ∇φW )− traceGθ [ΠH gφ(V , Rφ(W , φ∗·)φ∗·)]}dv (38)
for any C∞ 2-parameter variation {φs,t}−<s,t< of φ supported in Ω .
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inner product (gφ)∗(· , ·) is (locally) given by
(
gφ
)∗
(K , L) =
2n∑
a=1
gφ(K Xa, LXa)
for any K , L ∈ Γ ∞(H∗ ⊗ φ−1T N). To prove Theorem 2 we consider a local Gθ -orthonormal frame {Xa: 1  a  2n} of H .
Then (by ∇Ψ gΨ = 0)
∂2
∂s∂t
{
EΩ(φs,t)
}= 1
2
∂
∂s
∫
Ω
2n∑
a=1
∂
∂t
[
gΨ
(
ΠΨH ′Ψ∗ X˜a,Π
Ψ
H ′Ψ∗ X˜a
)]
dv = ∂
∂s
∫
Ω
∑
a
gΨ
(∇Ψ∂/∂tΠΨH ′Ψ∗ X˜a,ΠΨH ′Ψ∗ X˜a)dv.
Let us set
V(x,s,t) = (d(x,s,t)Ψ ) ∂
∂t
∣∣∣∣
(x,s,t)
∈ Tφs,t (x)(N).
As τN = 0 an argument similar to that in the proof of Theorem 1 shows that
∇Ψ∂/∂tΠΨH ′Ψ∗ X˜ =ΠΨH ′∇ΨX˜ V
for any X ∈ X(M). Hence
∂2
∂s∂t
{
EΩ(φs,t)
}= ∂
∂s
∫ ∑
a
gΨ
(∇Ψ
X˜a
V,ΠΨH ′Ψ∗ X˜a
)
dv
= ∂
∂s
∫ ∑
a
{
X˜a
(
gΨ
(
V,ΠΨH ′Ψ∗ X˜a
))− gΨ (V,∇Ψ
X˜a
ΠΨH ′Ψ∗ X˜a
)}
dv.
For any ﬁxed t, s ∈ (−, ) let us consider Xs,t ∈ Γ ∞(H) determined by
Gθ (Xs,t, Y )= gΨ
(
V,ΠΨH ′Ψ∗Y˜
) ◦ αs,t, Y ∈ Γ ∞(H).
Then ∑
a
{
X˜a
(
gΨ
(
V,ΠΨH ′Ψ∗ X˜a
))− gΨ (V,∇Ψ
X˜a
ΠΨH ′Ψ∗ X˜a
)}
=
∑
a
{
Xa
(
Gθ (Xs,t, Xa)
)− gΨ (V,∇Ψ
X˜a
ΠΨH ′Ψ∗ X˜a
)}
=
∑
a
{
Gθ (∇Xa Xs,t, Xa)+ Gθ (Xs,t,∇Xa Xa)− gΨ
(
V,ΠH ′∇ΨX˜aΨ∗ X˜a
)}
= div(Xs,t)−
∑
a
{
gΨ
(
V,ΠΨH ′
[∇Ψ
X˜a
Ψ∗ X˜a −Ψ∗∇˜Xa Xa
])}
.
As the variation {φs,t} is supported in Ω it follows that Xs,t ∈ X∞0 (Ω). Therefore (by Green’s lemma)
∂2
∂s∂t
{
EΩ(φs,t)
}
s=t=0 = −
∫ ∑
a
{
gΨ
(∇Ψ∂/∂sV, Sa)+ gΨ (V,∇Ψ∂/∂s Sa)}s=t=0 dv
where
Sa =ΠΨH ′
{∇Ψ
X˜a
Ψ∗ X˜a −Ψ∗∇˜Xa Xa
}
.
Now {∑a Sa}s=t=0 =ΠφH ′Γ (φ)= 0 as φ is a contact harmonic map and τN = 0. It remains that
∂2
∂s∂t
{
EΩ(φs,t)
}
s=t=0 = −
∫ ∑
a
gΨ
(
V,∇Ψ∂/∂sΠΨH ′
[∇Ψ
X˜a
Ψ∗ X˜a −Ψ∗∇˜Xa Xa
])
s=t=0 dv. (39)
Let RΨ be the curvature tensor ﬁeld of ∇Ψ . Then
∇Ψ∂/∂s∇ΨX˜aΨ∗ X˜a = ∇
Ψ
X˜a
∇Ψ∂/∂sΨ∗ X˜a + RΨ
(
∂
, X˜a
)
Ψ∗ X˜a (40)∂s
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∂2
∂s∂t
{
EΩ(φs,t)
}
s=t=0
= −
∫ ∑
a
gΨ
(
V,ΠΨH ′
[
RΨ
(
∂
∂s
, X˜a
)
Ψ∗ X˜a + ∇ΨX˜a∇
Ψ
∂/∂sΨ∗ X˜a − ∇Ψ∂/∂sΨ∗∇˜Xa Xa
])
s=t=0
dv. (41)
Let us deﬁne W ∈ Γ ∞(Ψ−1T N) by setting
W(x,s,t) = (d(x,s,t)Ψ ) ∂
∂s
∣∣∣∣
(x,s,t)
∈ Tφs,t (x)(N).
Also let us consider Ys,t ∈ Γ ∞(H) determined by the requirement
Gθ (Ys,t, Y ) = gΨ
(
V,ΠΨH ′∇ΨY˜ W
) ◦ αs,t, Y ∈ Γ ∞(H).
Then ∑
a
gΨ
(
V,ΠΨH ′
[∇Ψ
X˜a
∇Ψ∂/∂sΨ∗ X˜a − ∇Ψ∂/∂sΨ∗∇˜Xa Xa
])
=
∑
a
{
gΨ
(
V,∇Ψ
X˜a
ΠΨH ′∇ΨX˜aW
)− gΨ (V,ΠΨH ′∇Ψ∂/∂sΨ∗∇˜Xa Xa)}
=
∑
a
{
X˜a
(
gΨ
(
V,ΠΨH ′∇ΨX˜aW
))− gΨ (∇Ψ
X˜a
V,ΠΨH ′∇ΨX˜aW
)− gΨ (V,ΠΨH ′∇Ψ∇˜Xa XaW
)}
=
∑
a
{
Xa
(
Gθ (Ys,t, Xa)
)− Gθ (Ys,t,∇Xa Xa)− gΨ (∇ΨX˜aV,ΠΨH ′∇ΨX˜aW)}
= div(Ys,t)−
∑
a
gΨ
(∇Ψ
X˜a
V,ΠΨH ′∇ΨX˜aW
)
.
Note that Ys,t ∈ X∞0 (Ω) (as the variation is supported in Ω). Then (41) becomes
∂2
∂s∂t
{
EΩ(φs,t)
}
s=t=0 =
∫
Ω
∑
a
{
gΨ
(∇ X˜aV,ΠΨH ′∇ΨX˜aW)− gΨ
(
V,ΠΨH ′ R
Ψ
(
∂
∂s
, X˜a
)
Ψ∗ X˜a
)}
s=t=0
. (42)
Now on one hand (by (8))∑
a
gΨ
(∇Ψ
X˜a
V,ΠΨH ′∇ΨX˜aW
)
s=t=0 =
∑
a
{
gφ
(∇φXa V ,∇φXaW )− ηφ(∇φXa V )ηφ(∇φXaW )}= 〈ϕφ∇φV ,ϕφ∇φW 〉.
On the other hand if W = W isi for some W i ∈ C∞(φ−1(U ′)) then(
RΨ
(
∂
∂s
, X˜
)
Ψ∗Y˜
)
◦ α0,0 =
(
R ′ijk ◦ φ
)
W j X
(
φk
)
Y
(
φ
)
si (43)
for any X, Y ∈ X(M), where R ′ ijk are the components of R ′ with respect to the local coordinate system (U ′, x′ i) on N . Note
that R ′ is H ′-valued. Indeed as ∇′ξ = 0 and H ′ is parallel with respect to ∇′ one has
R ′(X, Y )Z = R ′(X, Y )ΠH ′ Z − η(Z)R ′(X, Y )ξ =ΠH ′ R ′(X, Y )Z
for any X, Y , Z ∈ X(N). Together with (42)–(43) this leads to (38) in Theorem 2. 
Let char(M,N) be the set of all contact harmonic maps from a compact strictly pseudoconvex CR manifold M into a
Sasakian manifold (N, (ϕ, ξ,η, g)). By Theorem 2 the Hessian of E at a critical point φ ∈ char(M,N) is given by
H(E)φ(V ,W )=
∫
M
{(
gφ
)∗(
ϕφ∇φV ,ϕφ∇φW )− traceGθ [ΠH gφ(V , Rφ(W , φ∗·)φ∗·)]}dv
for any V ,W ∈ Γ ∞(φ−1T N). The index of φ ∈ char(M,N) is the least upper bound indb(φ) of dimR(F ) where F runs over
all subspaces F ⊂ Γ ∞(φ−1T N) such that H(E)φ is negative deﬁnite on F . The nullity of φ ∈ char(M,N) is the dimension
nullb(φ) of{
V ∈ Γ ∞(φ−1T N): H(φ)φ(V ,W )= 0, for all W ∈ Γ ∞(φ−1T N)}.
We say φ is weakly stable if indb(φ) = 0 i.e. H(E)φ(V , V )  0 for any V ∈ Γ ∞(φ−1T N). Otherwise φ is unstable. It is
immediate that
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Cf. E. Barletta [3] for a study of the pseudohermitian sectional curvature of a strictly pseudoconvex CR manifold endowed
with a contact form. We shall show that
Theorem 3. Let φ : M → S2m−1 be a contact harmonic map from a compact strictly pseudoconvex CR manifold M into the standard
Sasakian sphere (m 2). If E(φ) > Ec(φ) then φ is unstable.
Proof. Let g0 be the Euclidean metric on R2m . Let {E A: 1  A  2m} be an orthonormal (i.e. g0(E A, EB) = δAB ) frame
consisting of parallel vector ﬁelds i.e. ∇0E A = 0 where ∇0 is the Levi-Civita connection of (R2m, g0). Let sA = tan(E A)◦φ be
the natural lift of tan(E A) (a smooth section in φ−1T S2m−1 → M). Here tanx : Tx(R2m)→ Tx(S2m−1) is the natural projection
associated to the decomposition
Tx
(
R2m
)= Tx(S2m−1)⊕ T (S2m−1)⊥x , x ∈ S2m−1. (44)
Also T (S2m−1)⊥ → S2m−1 denotes the normal bundle of the given immersion S2m−1 ↪→ R2m . Let {Xa: 1 a 2n} be a local
Gθ -orthonormal frame of H(M). We wish to compute ∇φXa sA . To this end we shall need the Gauss and Weingarten formulae
∇0X Y = ∇ gX Y + h(X, Y ), ∇0X V = −aV X + ∇⊥X V ,
for any X, Y ∈ T (S2m−1) and any V ∈ T (S2m−1)⊥ . Here h is the second fundamental form of the immersion S2m−1 ↪→
R2m , aV is the Weingarten operator associated to the normal section V , and ∇⊥ is the normal connection. The induced
connection ∇ g (i.e. the Levi-Civita connection of (S2m−1, g)) is related to the Tanaka–Webster connection ∇′ by
∇ g = ∇′ −ω⊗ ξ − 2η ϕ
(cf. e.g. (1.61) in [13, p. 37], with τ = 0) so that the Gauss formula becomes
∇0X Y = ∇′X Y −ω(X, Y )ξ − η(X)ϕY − η(Y )ϕX + h(X, Y )
for any X, Y ∈ T (S2m−1). Let norx : Tx(R2m)→ T (S2m−1)⊥x be the natural projection associated to (44). Then
tan
{∇0φ∗Xa tan(E A)}= tan{∇0φ∗Xa(E A − nor(E A))}= − tan∇0φ∗Xanor(E A)= anor(E A)φ∗Xa
by the Weingarten formula. Consequently (by the Gauss formula)
∇φXa sA = anor(E A)φ∗Xa +ωφ(φ∗Xa, sA)ξφ +
(
φ∗η
)
(Xa)ϕ
φsA + ηφ(sA)ϕφφ∗Xa.
As S2m−1 ↪→ R2m is totally umbilical aV = g0(H, V )I for any V ∈ T (S2m−1)⊥ where H is the mean curvature vector and I
the identical transformation. Therefore
∇φXa sA = g0(H, E A)φ∗Xa +ωφ(φ∗Xa, sA)ξφ +
(
φ∗η
)
(Xa)ϕ
φsA + ηφ(sA)ϕφφ∗Xa (45)
hence (as ϕ is H ′-valued)
Π
φ
H ′∇φXa sA = g0(H, E A)
[
φ∗Xa −
(
φ∗η
)
(Xa)ξ
φ
]+ (φ∗η)(Xa)ϕφsA + ηφ(sA)ϕφφ∗Xa.
Next (by (45))∥∥ϕφ∇φXa sA∥∥2 = gφ(∇φXa sA,ΠφH ′∇φXa sA)
= g0(H, E A)2
[‖φ∗Xa‖2 − (φ∗η)(Xa)2]+ 2g0(H, E A)(φ∗η)(Xa)ωφ(φ∗Xa, sA)+ (φ∗η)(Xa)2∥∥ϕφsA∥∥2
+ 2(φ∗η)(Xa)ηφ(sA)gφ(ϕφsA,ϕφφ∗Xa)+ ηφ(sA)2∥∥ϕφφ∗Xa∥∥2
so that (by summing over 1 a 2n)∑
a
∥∥ϕφ∇φXa sA∥∥2 = g0(H, E A)2Q (φ)+ 2g0(H, E A)ωφ(φ∗ΠH(φ∗η), sA)+ ∥∥ΠHφ∗η∥∥2∥∥ϕφsA∥∥2
+ 2ηφ(sA)gφ
(
ϕφsA,ϕ
φφ∗ΠH
(
φ∗η
))+ ηφ(sA)2Q (φ). (46)
Note that
∑
A ‖nor(E A)‖2 = 1 so that (by ‖sA‖2 +‖nor(E A)‖2 = 1) one has
∑
A ‖sA‖2 = 2m−1. Let us sum over 1 A  2m
in (46) and use the identities
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A
g0(H, E A)
2 = ‖H‖2,
∑
A
g0(H, E A)sA = tan
{∑
A
g0(H, E A)E A
}
= tan(H)= 0,
∑
A
ηφ(sA)
2 =
∑
A
g0(ξ, E A)
2 = ‖ξ‖2 = 1,
∑
A
∥∥ϕφsA∥∥2 =∑
A
[‖sA‖2 − ηφ(sA)2]= 2(m− 1),
∑
A
ηφ(sA)ϕ
φsA = ϕφ tan
{∑
A
g0(ξ, E A)E A
}
= ϕφξφ = 0.
We obtain∑
A,a
∥∥ϕφ∇φXa sA∥∥2 = (‖H‖2 + 1)Q (φ)+ 2(m− 1)∥∥ΠHφ∗η∥∥2. (47)
Next we shall need the Gauss equation of S2m−1 ↪→ R2m
Rg(X, Y )Z = ‖H‖2{g(Y , Z)X − g(X, Z)Y }, X, Y , Z ∈ X(S2m−1),
where Rg is the curvature of ∇ g and ‖H‖ (the mean curvature of the sphere) is a constant. By Theorem 1.6 in [13, p. 49],
the curvature tensor ﬁelds Rg and R ′ are related by
Rg(X, Y )Z = R ′(X, Y )Z + (ϕX ∧ ϕY )Z − 2ω(X, Y )ϕ Z + 2g((η ∧ I)(X, Y ), Z)ξ − 2η(Z)(η ∧ I)(X, Y )
for any X, Y , Z ∈ X(S2m−1). Here (X ∧ Y )Z = g(X, Z)Y − g(Y , Z)X . Consequently (by the Gauss equation)
gφ
(
sA, R
φ(sA, φ∗Xa)φ∗Xa
)− 3ωφ(sA, φ∗Xa)2 + ηφ(sA)[ηφ(sA)‖φ∗Xa‖2
− (φ∗η)(Xa)gφ(sA, φ∗Xa)]− (φ∗η)(Xa)[η(sA)gφ(sA, φ∗Xa)− (φ∗η)(Xa)‖sA‖2]
= ‖H‖2[‖φ∗Xa‖2‖sA‖2 − gφ(sA, φ∗Xa)2]
hence∑
A,a
gφ
(
sA, R
φ(sA, φ∗Xa)φ∗Xa
)= 2[(m− 1)‖H‖2 + 1]Q (φ)+ 2(m− 1)(‖H‖2 − 1)∥∥ΠHφ∗η∥∥2. (48)
The mean curvature of the standard sphere is ‖H‖ = 1 hence (47)–(48) become∑
A
∥∥ϕφ∇φsA∥∥2 = 2Q (φ)+ 2(m− 1)∥∥ΠHφ∗η∥∥2,
∑
A
traceGθ
{
ΠH g
φ
(
sA, R
φ(sA, φ∗·)φ∗·
)}= 2mQ (φ).
Finally
2m∑
A=1
H(E)φ(sA, sA)= 2(m− 1)
[
Ec(φ)− E(φ)
]
< 0
hence φ : M → S2m−1 is unstable. Theorem 3 is proved. 
We shall need the rough sublaplacian i.e. the second order differential operator φb locally given by

φ
b V = −
2n∑
a=1
{∇φXa∇φXa V − ∇φ∇Xa Xa V }, V ∈ Γ ∞(φ−1T N), (49)
for any local Gθ -orthonormal frame {Xa: 1 a 2n} of H . φb is a degenerate elliptic operator whose ellipticity degenerates
precisely in the cotangent directions spanned by θ . Let (∇φ)H : Γ ∞(φ−1T N) → Γ ∞(H∗ ⊗ φ−1T N) be given by (∇φ)H V =
∇φV |Γ ∞(H) . Let ((∇φ)H )∗ be the formal adjoint of (∇φ)H with respect to the L2 inner products
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∫
M
gφ(V ,W )dvg, 〈K , L〉 =
∫
M
(
gφ
)∗
(K , L)dvg, V ,W ∈ Γ ∞
(
φ−1T N
)
, K , L ∈ Γ ∞(H∗ ⊗ φ−1T N).
Then

φ
b =
((∇φ)H)∗(∇φ)H . (50)
Formula (50) follows from
((∇φ)H)∗K = − 2n∑
a=1
(∇φXa K )Xa (51)
and deﬁnition (49). Also the covariant derivative in (51) is given by(∇φX K )Y = ∇φX K (Y )− K (∇X Y ), X ∈ X(M), Y ∈ Γ ∞(H), K ∈ Γ ∞(H∗ ⊗ φ−1T N).
Let Rφb be the zeroth order operator given by
Rφb V = traceGθ ΠH Rφ(V , φ∗·)φ∗·, V ∈ Γ ∞
(
φ−1T N
)
.
We also consider the following (contact Riemannian analog to the) Jacobi operator
Jφb V = −
((∇φ)H)∗(ϕφ)2(∇φ)H V − Rφb V
so that the second variation formula (38) reads (with Ω = M)
∂2E(φs,t)
∂s∂t
(0,0)=
∫
M
gφ
(
V , Jφb W
)
dvg . (52)
By taking into account that ϕ2 = −I + η⊗ ξ the Jacobi operator may be written as follows.
Lemma 3.
Jφb V =ΠφH ′φb V − Rφb V (53)
for any V ∈ Γ ∞(φ−1T N).
Proof. The identities((∇φ)H)∗( f K )= −K (∇H f )+ f ((∇φ)H)∗K , ((∇φ)H)∗(ω⊗ V )= (d∗Hω)V − ∇φΠHωV ,
f ∈ C∞(M), K ∈ Γ ∞(H∗ ⊗ φ−1T N), ω ∈ Γ ∞(H∗), V ∈ Γ ∞(φ−1T N),
yield
Jφb V =φb V − ηφ
(

φ
b V
)
ξφ − Rφb V
(equivalent to (53)). 
Here we extend ω to a 1-form on M by requiring that ω(ξ) = 0 and then ω ∈ X(M) is given by gθ (ω, X) = ω(X) for
any X ∈ X(M). Also d∗H is the formal adjoint to the operator dH : C∞(M)→ Γ ∞(H∗) given by dH f = (df )◦ΠH . See also [7].
Let φ ∈ char(M,N) and let Tφ[char(M,N)] (the tangent space at φ) consist of all V ∈ Γ ∞(φ−1T N) such that there is
{φs}|s|< ⊂ char(M,N) with φ0 = φ and V = (∂φs/∂s)s=0.
Proposition 3. For any φ ∈ char(M,N)
Tφ
(
char(M,N)
)⊂ Ker( Jφb ), (54)
dimR Tφ
(
char(M,N)
)
 nullb(φ). (55)
Proof. Let W ∈ Tφ(char(M,N)) and let {φs}|s|< ⊂ char(M,N) be a 1-parameter variation inducing W . Moreover let
{φs,t}|s|<,|t|< be a 2-parameter variation such that φs,0 = φs . As φs is a contact harmonic map {∂E(φs,t)/∂t}t=0 = 0 hence
(by (52))∫
M
gφ
(
V , Jφb W
)
dvg = ∂
2E(φs,t)
∂s∂t
(0,0)= 0. 
S. Dragomir, R. Petit / Differential Geometry and its Applications 30 (2012) 65–84 79Example 1. Let q ∈ N be a point and φ : M → N the constant map φ(x) = q for any x ∈ M . Then (φ−1T N)x = Tq(N) for
any x ∈ M . Let {vi: 1  i  2m − 1} be a linear basis in Tq(N) and let Vi ∈ Γ ∞(φ−1T N) be given by Vi(x) = vi for any
1  i  2m − 1. Then each V ∈ Γ ∞(φ−1T N) may be represented as V = ∑2m−1i=1 f i V i for some f i ∈ C∞(M). A smooth
1-parameter variation of φ whose induced inﬁnitesimal variation is V is given by
φt(x)= expq
(
t
2m−1∑
i=1
f i(x)vi
)
, x ∈ M, |t|< ,
as customary. As φ is constant φ∗X = 0 for each X ∈ X(M) hence Rφb = 0. Also Vi(x)= vi for any x ∈ M yields ∇φX V i = 0 so
that
∇φX V =
2m−1∑
i=1
X( f i)Vi, V =
2m−1∑
i=1
f i V i .
Consequently (by (53) and ∇′ξ = 0, ∇′η = 0)
Jφb V =
2m−1∑
i=1
(b f i)Vi
and we may conclude that
Proposition 4. For each constant map φ : M → N the spectrum Spec( Jφb ) of the Jacobi operator consists of the eigenvalues of the
sublaplacian b counted 2m− 1 times.
4. Contact harmonic maps as boundary values
Let Ω ⊂ Cn+1 be a smoothly bounded strictly pseudoconvex domain and (N, η, g) a contact Riemannian manifold. We
consider the energy functional E : C∞(Ω,N)→ [0,+∞) given by
E(φ)= 1
2
∫
Ω
∥∥ΠφH ′ ◦ φ∗∥∥2 d vol(gB), (56)
where d vol(gB) is the volume form associated to the Bergman metric gB on Ω and Π
φ
H ◦φ∗ ∈ Γ ∞(T ∗(Ω)⊗φ−1H ′). Let ∇B
be the Levi-Civita connection of (Ω, gB) and let ΓB(φ) ∈ Γ ∞(φ−1T N) be (locally) deﬁned by
ΓB(φ)=
2n+2∑
i=1
(∇φEiφ∗Ei − φ∗∇BEi Ei)
where {Ei: 1 i  2n + 2} is a local orthonormal (i.e. gB(Ei, E j) = δi j) frame of T (Ω). A calculation similar to that in the
proof of Theorem 1 shows that the Euler–Lagrange equations of the variational principle δE(φ)= 0 are
Π
φ
H ′ΓB(φ)+
2n+2∑
i=1
(
φ∗η
)
(Ei)
(
φ∗τN
)
(Ei)= 0, (57)
2n+2∑
i=1
(
φ∗AN
)
(Ei, Ei)= 0. (58)
Our purpose in this section is to analyze the boundary behavior of critical points of the energy functional (56) which are
smooth up to the boundary. Our working hypothesis is that given f ∈ C∞(∂Ω,N) there is a smooth solution φ to the
Dirichlet problem for Eqs. (57)–(58) with boundary condition φ = f on ∂Ω . Our ﬁnding is
Theorem 4. Let Ω ⊂ Cn+1 be a smoothly bounded strictly pseudoconvex domain and φ ∈ C∞(Ω,N) a solution (smooth up the
boundary) to the Dirichlet problem
Π
φ
H ′ΓB(φ)= −tracegB
{
φ∗(η⊗ τN)
}
, tracegB
(
φ∗AN
)= 0 inΩ,
φ = f on ∂Ω,
with f ∈ C∞(∂Ω,N). Then
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f
H ′( f∗Nρ)= −
1
2n
{
Π
f
H ′Γ ( f )+ tracegθ
{
ΠH f
∗(η⊗ τN)
}}
, (59)
tracegθ
{
ΠH
(
f ∗AN
)}= 0, (60)
where θ = (i/2)(∂ρ − ∂ρ) is a contact form on ∂Ω , Nρ = − J0T , J0 is the complex structure on Cn+1 , and T is the characteristic
direction of (∂Ω, θ). In particular if φ∗Nρ and ξ are collinear then the boundary values f : ∂Ω → N of φ is a contact harmonic map.
As a typical nonelliptic phenomenon one determined (cf. (59) in Theorem 4 above) the H ′-component of the normal
derivatives of the boundary values of φ in terms of tangential quantities. To prove (59)–(60) one expresses (57)–(58) in
terms of the Graham–Lee connection of Ω = {ρ < 0} and the transverse curvature r ∈ C∞(Ω) of the foliation by level sets
of ρ (with the advantage that both stay bounded at ∂Ω) followed by an asymptotic analysis close to the boundary.
Let K (z, ζ ) be the Bergman kernel of Ω . As an elementary consequence of the Fefferman asymptotic development of the
Bergman kernel (cf. C. Fefferman [14]) ρ(z) = −K (z, z)−1/(n+2) is a deﬁning function for Ω . Let gB be the Bergman metric
on Ω i.e.
(gB) jk =
∂2 log K (z, z)
∂z j∂zk
, 1 j,k n+ 1.
We set M = {z ∈ Ω: ρ(z) = −} for any   0. There is a (one-sided) neighborhood V of ∂Ω equipped with a foliation F
such that V /F = {M : 0 <   0} for some 0 > 0. Each leaf M of F is a strictly pseudoconvex CR manifold and the
pullback θ of θ = (i/2)(∂ρ − ∂ρ) to M is a (canonical) choice of contact form on M . Let H(F) → V (respectively
T1,0(F) → V ) be the bundle whose portion over a leaf M ∈ V /F is the Levi distribution H(M) (respectively the CR
structure T1,0(M)) of M . If J is the complex structure on Cn+1 then H(F) is J -invariant.
By a result of J.M. Lee and R. Melrose [19], there is a unique complex vector ﬁeld Ξ on V of type (1,0) such that
∂ρ(Ξ)= 1 and Ξ is orthogonal to T1,0(F) with respect to ∂∂ρ i.e. ∂∂ρ(Ξ, Z)= 0 for any Z ∈ T1,0(F). Let r = 2∂∂ρ(Ξ,Ξ)
be the transverse curvature of ρ . Then r ∈ C∞(Ω) i.e. r is smooth up to the boundary (cf. again [19]). Let Ξ = 12 (Nρ − iT ) be
the real and imaginary parts of Ξ . We shall make use of the tangential (with respect to F ) Riemannian metric gθ given by
gθ (T , T )= 1, gθ (X, T ) = 0, gθ (X, Y ) = (dθ)(X, J Y ),
for any X, Y ∈ H(F). Clearly the pullback of g to a leaf M is the Webster metric of M . Our particular choice of deﬁning
function leads to an explicit relationship among gθ and the Bergman metric gB
gB(X, Y ) = −n+ 2
ρ
gθ (X, Y ), (61)
gB(X, T ) = 0, gB(X,Nρ)= 0, (62)
gB(T ,Nρ)= 0, gB(T , T )= gB(Nρ,Nρ)= n+ 2
ρ
(
1
ρ
− r
)
, (63)
for any X, Y ∈ H(F). In particular 1 − rρ > 0 everywhere in V . Next let { j: 1  j  2n} be a local orthonormal (i.e.
gθ ( j, k)= δ jk) frame of H(F) and let us set
E j =
√
− ρ
n+ 2 j, 1 j  2n,
E2n+1 =
√
ρ2
(n+ 2)(1− rρ) T , E2n+2 =
√
ρ2
(n+ 2)(1− rρ)Nρ.
Then (by (61)–(63)) {Ei: 1 i  2n+ 2} is a local orthonormal frame of (T (V ), gB) with respect to which
Π
φ
H ′ΓB(φ)+
2n+2∑
i=1
(
φ∗η
)
(Ei)
(
φ∗τN
)
(Ei)= − ρ
n+ 2
2n∑
j=1
{
Π
φ
H ′
(∇φ jφ∗ j − φ∗∇B j j)+ (φ∗η)( j)(φ∗τN)( j)}
+ ρ
2
(n+ 2)(1− rρ)
{
Π
φ
H ′
(∇φT φ∗T − φ∗∇BT T )+ (φ∗η)(T )(φ∗τN)(T )
+ΠφH ′
(∇φNρ φ∗Nρ − φ∗∇BNρNρ)+ (φ∗η)(Nρ)(φ∗τN)(Nρ)} (64)
and
2n+2∑(
φ∗AN
)
(Ei, Ei)= − ρ
n+ 2
2n∑(
φ∗AN
)
( j,  j)+ ρ
2
(n+ 2)(1− rρ)
{(
φ∗AN
)
(T , T )+ (φ∗AN)(Nρ,Nρ)}. (65)i=1 j=1
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respect to ∇ , (ii) ∇gθ = 0, ∇T = 0, ∇Nρ = 0, and (iii) the torsion T∇ of ∇ satisﬁes
T∇(Z ,W ) = 0, T∇(Z ,W )= 2igθ (Z ,W )T , T∇(Nρ,W )= rW + iτ (W ),
for any Z ,W ∈ T1,0(F), and
τ
(
T1,0(F)
)⊆ T0,1(F), τ (Nρ)= − J∇Hr − 2rT ,
cf. R. Graham and J.M. Lee [16]. Here τ ∈ Ω1(T (V )) is given by τ (X) = T∇(T , X) for any X ∈ T (V ). Cf. also S. Nishikawa et
al. [10], for the (coordinate free) axiomatic description of ∇ . As a consequence of (61)–(63) the Levi-Civita connection ∇B
and the Graham–Lee connection ∇ are related by
∇BX Y = ∇X Y +
{
ρ
1− ρr gθ (τ X, Y )+ gθ (X, φY )
}
T −
{
gθ (X, Y )+ ρ
1− ϕr gθ (X, φτ Y )
}
Nρ (66)
for any X, Y ∈ H(F) and
∇BT T = −
1
2
∇Hr − ρ
2(1− rρ)
{
T (r)T −
(
Nρ(r)+ 4
ρ2
− 6r
ρ
+ 4r2
)
Nρ
}
, (67)
∇BNρNρ = −
1
2
∇Hr + ρ
2(1− rρ)
{
T (r)T −
(
Nρ(r)+ 4
ρ2
− 2r
ρ
)
Nρ
}
. (68)
Here φ : T (F)→ T (F) is deﬁned by φ = J on H(F) and J T = 0. Using (66) and the fact that trace(τ )= 0 one obtains
2n∑
j=1
(∇φ jφ∗ j − φ∗∇B j j)= Γ ∇(φ)+ 2nφ∗Nρ (69)
where Γ ∇(φ) ∈ Γ ∞(φ−1T N) is locally given by
Γ ∇(φ)=
2n∑
j=1
(∇φ jφ∗ j − φ∗∇ j j).
Also (by (67)–(68))
∇BT T + ∇BNρNρ = −∇Hr − 2rNρ. (70)
Let us substitute from (69)–(70) into (64)–(65) so that to derive (after some simpliﬁcations)
Π
φ
H ′Γ
∇(φ)+ 2
(
n− ρr
1− rρ
)
Π
φ
H ′φ∗Nρ +
2n∑
j=1
(
φ∗η
)
( j)
(
φ∗τN
)
( j)
− ρ
1− rρ
{∇φT ΠφH ′φ∗T + (φ∗η)(T )(φ∗τN)(T )+ ∇φNρΠφH ′Nρ + (φ∗η)(Nρ)(φ∗τN)(Nρ)+ΠφH ′φ∗∇Hr}= 0 (71)
and
2n∑
j=1
(
φ∗AN
)
( j,  j)= ρ1− rρ
{(
φ∗AN
)
(T , T )+ (φ∗AN)(Nρ,Nρ)}. (72)
As we approach the boundary ρ → 0. Also both r and ∇Hr stay ﬁnite at the boundary. Hence (71)–(72) become
Π
f
H ′Γ ( f )+
2n∑
j=1
(
f ∗φ
)
( j)
(
f ∗τN
)
( j)+ 2nΠ fH ′ f∗Nρ = 0,
2n∑
j=1
(
f ∗AN
)
( j,  j)= 0,
and Theorem 4 is proved.
82 S. Dragomir, R. Petit / Differential Geometry and its Applications 30 (2012) 65–84Example 2. Let B = {z ∈ C2: |z| < 1} be the unit ball. The Bergman kernel of B is K (z, ζ ) = (2/π2)(1 − z · ζ )−3 so that
ρ(z) = −K (z, z)−1/3 = 2π−2(|z|2 − 1) (and the considerations above apply to the ordinary deﬁning function of B). Let
z = (z1, z2) be the complex Cartesian coordinates in C2. Then F is the foliation of V = B \ {0} whose leaves are the spheres
S3(
√
1− π2/2) with 0<  < 2π−2 and T1,0(F) is locally the span of ∂/∂z1 − (z1/z2)∂/∂z2. As ∂∂ρ = 2π−2(dz1 ∧ dz1 +
dz2 ∧ dz2) it follows that Ξ = (ρ + 2/π2)−1(z1∂/∂z1 + z2∂/∂z2). Then F has transverse curvature r = (π2ρ/2 + 1)−1. In
particular the restriction to a leaf M ∈ V /F is (1− π2/2)−1 so that r is a basic function (and r → 1 as  → 0). If Ω = B
and N = S3 then the Dirichlet problem considered in Section 4 is
Π
φ
H ′ΓB(φ)= 0 in B, φ = f on S3. (73)
Note that Nρ = ξ + ξ = (π2r/2)(zα∂/∂zα + zα∂/∂zα) i.e. Nρ |S3 is (a constant times) the radial vector ﬁeld. Let f = ( f1, f2) :
S3 → S3 ⊂ C2 be a smooth solution to
xA
∂ fα
∂xA
= iλ fα, α = 1,2,
for some λ ∈ C∞(S3,R) where (xA) are Cartesian coordinates on R4. If there is a solution φ ∈ C∞(B, S3) to (73) then
f : S3 → S3 is a contact harmonic map. 
5. Contact harmonic maps and the Fefferman metric
Let M be a compact strictly pseudoconvex CR manifold of CR dimension n and Fθ the Fefferman metric on C(M),
associated to the contact form θ . Given a map φ : C(M) → N into a contact Riemannian manifold (N, (ϕ, ξ,η, g)) we
consider the energy density e(φ) : C(M)→ R locally given by
e(φ)=
2n+2∑
i=1
i g
φ
(
Π
φ
H ′φ∗Ei,Π
φ
H ′φ∗Ei
)
where {Ei: 1 i  2n + 2} is a local orthonormal (i.e. Fθ (Ei, E j) = iδi j) frame of T (C(M)) and i ∈ {±1}. As M is compact
and C(M) the total space of a circle bundle over M it follows that C(M) is compact, as well. We set
E(φ)= 1
2
∫
C(M)
e(φ)d vol(Fθ ), φ ∈ C∞
(
C(M),N
)
. (74)
We shall look at the S1-invariant critical points of (74). To this end we consider the section Γ Fθ (φ) in the pullback bundle
φ−1T N → C(M) locally given by
Γ Fθ (φ)=
2n+2∑
i=1
i
{∇φEiφ∗Ei − φ∗∇ FθEi Ei}
where ∇ Fθ is the Levi-Civita connection of (C(M), Fθ ). Our result is
Theorem 5. The Euler–Lagrange equations of the variational principle δE(φ)= 0 are
Π
φ
H ′Γ
Fθ (φ)+ traceFθ
{
φ∗(η⊗ τN)
}= 0, (75)
traceFθ
(
φ∗AN
)= 0. (76)
Moreover if φ : C(M) → N is S1-invariant smooth solution to (75)–(76) then the corresponding base map f : M → N is contact
harmonic and conversely.
The proof of (75)–(76) is similar to that of Theorem 1. To prove the last statement in Theorem 5 let {Xa: 1 a 2n} be
a local orthonormal frame of the Levi distribution H , deﬁned on the open set U ⊆ M . Next let S ∈ X(C(M)) be the tangent
to the S1-action on C(M) i.e. S = ((n+ 2)/2)∂/∂γ in terms of the local ﬁber coordinate γ : π−1(U )→ R. Let X↑ ∈ X(C(M))
denote the horizontal lift of X ∈ X(M) with respect to the connection 1-form σ . Let T be the characteristic direction
of dθ . Then T ↑ − S is timelike. In particular the Lorentzian manifold (C(M), Fθ ) is time-oriented. Moreover {X↑a : 1 
a  2n} ∪ {T ↑ ± S} is a local orthonormal frame of T (C(M)) with respect to Fθ . Let f : M → N be a smooth map and
φ = f ◦π : C(M)→ N . For each v ∈ φ−1T N we set ‖v‖2 = hφ(v, v). Then
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2n∑
a=1
∥∥ΠφH ′φ∗X↑a ∥∥2 + ∥∥ΠφH ′φ∗(T ↑ + S)∥∥2 − ∥∥ΠφH ′φ∗(T ↑ − S)∥∥2
=
2n∑
a=1
h f
(
Π
f
H ′ f∗Xa,Π
f
H ′ f∗Xa
) ◦π = (∥∥(df )H,H ′∥∥ ◦π)2
and integration along the ﬁber leads to1
E( f ◦π)= π E( f ) (77)
where E( f )= 12
∫
M Q ( f )dv . As an elementary consequence of (77) if φ is a critical point of E then f is a contact harmonic
map. Indeed let { ft}|t|< be an arbitrary smooth 1-parameter variation of f . Then φt = ft ◦ π is a variation of φ and
then (77) yields {dE( ft)/dt}t=0 = (1/π){dE(φt)/dt}t=0 = 0. To prove the converse one needs to compare the Euler–Lagrange
equations of the variational principles δE( f )= 0 and δE(φ)= 0. We recall
Lemma 4. (See E. Barletta et al. [5].) For any X, Y ∈ H
∇ Fθ
X↑Y
↑ = (∇X Y )↑ − (dθ)(X, Y )T ↑ −
(
A(X, Y )+ (dσ)(X↑, Y ↑))S,
∇ Fθ
X↑ T
↑ = (τ X + φσ X)↑,
∇ Fθ
T↑ X
↑ = (∇T X + φσ X)↑ + 2(dσ)
(
X↑, T ↑
)
S,
∇ Fθ
X↑ S = ∇
C(M)
S X
↑ = ( J X)↑,
∇ Fθ
T↑ T
↑ = V ↑σ , ∇ FθS S = 0,
∇ FθS T ↑ = ∇C(M)T↑ S = 0,
where φσ : H → H is given by Gθ (φσ X, Y )= (dσ)(X↑, Y ↑), and Vσ ∈ H is given by Gθ (Vσ , Y )= 2(dσ)(T ↑, Y ↑).
Let f : M → N be a contact harmonic map and φ = f ◦π . For each X ∈ X(M) the identity X↑(φi)= X( f i) ◦π implies
∇φ
X↑φ∗X
↑ = (∇ fX f∗X) ◦π. (78)
On the other hand (by the ﬁrst identity in Lemma 4)
∇ Fθ
X↑ X
↑ = (∇X X)↑ − A(X, X)S
for any X ∈ H . Thus
φ∗∇ FθX↑ X↑ = ( f∗∇X X) ◦π. (79)
As a consequence of (78)–(79)
2n∑
a=1
{∇φ
X↑a
φ∗X↑a − φ∗∇ Fθ
X↑a
X↑a
}= Γ ( f ) ◦π. (80)
Moreover
∇φ
T↑+Sφ∗
(
T ↑ + S)− φ∗∇ FθT↑+S(T ↑ + S)− ∇φT↑−Sφ∗(T ↑ − S)+ φ∗∇ FθT↑−S(T ↑ − S)
= 2∇φS φ∗T ↑ − 2φ∗
{∇ Fθ
T↑ S + ∇
Fθ
S T
↑}= 0
by Lemma 4 and S(φi)= 0. Together with (80) this yields
Γ Fθ (φ)= Γ ( f ) ◦π. (81)
Finally if {Ei} = {X↑a , T ↑ ± S} then
1 The symbol π in the right-hand side of (77) denotes the irrational number π ∈ R \ Q.
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i=1
i
(
φ∗η
)
(Ei)
(
φ∗τN
)
(Ei)=
2n∑
a=1
[(
f ∗η
)
(Xa) ◦π
][(
f ∗τN
)
(Xa) ◦π
]
,
2n+2∑
i=1
i
(
φ∗AN
)
(Ei, Ei)=
2n∑
a=1
(
f ∗AN
)
(Xa, Xa) ◦π,
due to φ∗X↑ = ( f∗X) ◦ π and 2n+1 = −2n = 1. Therefore Γ Fθ (φ) = 0 and Theorem 5 is proved. Its geometric meaning is
that the contact harmonic maps are precisely those maps whose vertical lifts to the canonical circle bundle over the given
CR manifold are critical points of the functional (74).
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